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BUCKLING TZSTS WITH A SPAR-RIB GRILL*

By Josef Weinhold
SUMMARY

The present report deals with a comparison of mathe~
matically and experimentally defined buckling loads of
a spar-rib grill, on the assumption of constant spar sec~
tion, and infinitely closely spaced ribs with rigidity
symetrical to the grill center. The loads are applied
as eqgual bending moments at both spar ends, as compres-
sion in the line connccting the Jjoints, and in the spar
center line as the assumedly uniformly distributed spar
weight. The cvalunation formula is valid for & deflcc-
tion following a half wave, aund confirmed by the tests
within a scope sufficient for practical purposes. The
formula is applicable with safety in the ratio bounded by
by experiments between the end moments and the compres-
sive force, or between the coefficients s, Mg, and mp,
respectively.

An effcct of the finite aspect ratic of test spars
(8 :100) is practically not noticecable. For smaller
compressive forces and greater end moments the coeffi-
cients of the evaluation formula should be computed again
for further deflection forms, in order o find further
buckling conditions, which, of course, yield lower loads
at the stability limit. For small spar weight a buckling
condition exact for vanishing weight, which is written
down for arbdbitrary wave number of the deflections, may be
enployed for the first comparison, which wavc number
gives the lowest buckling load. An extension of the en-
ergy equation and consequently the acaicvement of a buck-
ling condition for any degrecc of rib rigidity along the
rib axis and other load distribution is readily accom-
plished.

*ﬁber Kippversuche mit einem Holnm-Rippenrost. Luftfahrt~
forschung, vol. 17, no. 3, Harch 380, 1940, pp. 76-81l.
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Notation

My, Mp¥* bending momenf in the gé r eads, nkg
S4, Sp conpressive forece in line connecting the Jjoints,
kg
G4, Gg snar weight, acting in beam axis, kg
Al’ As rigidity of transverse bending, kgn®
C1, C5 torsioncl rigidity cf spers, kgn®
Ar sum of rigidity of all ribs for buckling in the

plane of the grill, kgnm?

Br sun of rigidity of all ribs for duckling at right

angle to plane of grill, kgn®

A&“ strain energy of ribs for the spar lenbth 1 by
-de L - - L) -
buckling in the plane of grill, kgn /r
BBr strain energy of ribs for the spar length 1 by
buckling at right angle to plane of grill,
kgn/n
Kis Bay iz nondimensional free value

h half distance of bean axes, n

distance of spar Jjoints (spar length),

-2

ni, g end nonents of a rib for spar length 1, kezn/n
n half-wave number in the course of 1, Bi, and Bj
Cis Co nunerical values of part integrals ian the energy

cguation
x longitudinal coordinate, counted from a joint, n

¥ lateral doflecction of bean axcs ait distance x
from joint, n

*Subscripts 1 and =2 denote - if used aloane - that the
particular guantity belongs to spar 1 and spar 2, respective=
ly. Without subscript the guantities apalv to both spars
unless stated otherwise.




j
|

g17

By=

WACA Technical Memorandum No. 250 3

buckling angle'(énglé of rotation of spar sec-

~s? -tions at right angle to.plane of grill)
az influence’figﬁre§_
x/l nondimensional longitudinal coordinate
A, + A '
v/ —=2 nondimensional lateral deflection

N -CAl + Cg

Jondimensional quantities in the energy equation:

2 My 1 I 2 Mg 1
) £=2 T ;
'/(Al + Az)(Cy + C3) A/(Al + 43)(C1 + Cp)
(Sl "n‘ Sg) 12
A, + Ag
G, 1% G, 1°
y 82 =
J(A1 + 45)(C1 + Cp) by + 8,)(C1 + Cp)
2 Ar 1 b - 2 3Br 1
(A, + 43)h > = (¢, + Ca)h
2 0, 2 O
. L, =
C, + Cg Ci + Co
23 ts = iz b -t
0, ® - ag?® ’ ® oy ? = ap?® 7 7B Oz = G4

" IXTRODUCTION

Earlier reports give buckling loads which were de-

rived under specificd simplifying premises and assumptions

(references 1 and 2).

In particular, the spars were as-—

sumed as small rails with vanishing thickness and equal

constant-section for both spars.
that "the ribd rigidity is
utable across the length of the spar.

It is further assumed
constant and uniformly distrib=
(Iafinitely closely
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spaced ribs as substitute of finite number of ribs.) End
bending moments and end compressive forces were assumed
as spar loads.

The following describes an investigation which enables
a comparison of computed and experimentally defined buck-
ling loads of a spar-»ib grill., The experimental grill
has dissimilar spars which are not "very small® (8/100 mn),
the number of ribs, 8, is comparatively low). The rigid-
ity of the ribs is no longer constant across the axis,
although not symmetrically distriduted with respect to the
rib cenfter. In the evaluation formula, which ordinarily
is derived undcr the samc general assumptions from the
energy equation as before (reference 2), the dissimilarity
of the spars, the citcd course of rib rigidity,and the
spar weight cre allowed for,

Experimental Arrangenent™

The spars of the nodel grill are two pine boards
8 by 100 by 3250 mn, selcctecd for grain, abscnce of knots,
etc., and the ridbs (7 by 7 by 1000 nm) of the sanec grade
of pinc with reinforcement strips glued at the ends (fige
2). Spar and rid end arc fastened together by a 12-by-12-~
by~0.5-mnn hard drawn brass anglce and five 3~-nn bolts. The
spncing of tho spar axes fron each other amounts to 2h =
1025 nmn. A hardeancd steel cylinder drilled out with a
taper from each side and fitting tightly in the spar end
reinforced by plywood shins, serves as nodal point of the
svar ends. The annular edge within the cylinder has an
8~mm diameter and rests against a hardened round steel Tar
of 7-nu diameter. This in turn is fastened on onc grill
end to the support, on the other spar end the slidability,
snown in figures 1 and 2, parallel with the line conncci-
ing the nodal points, is provided. The end moments arc
tronsnitted over fixed ond levers built up of 10-by-l-mn
fiat brass and 10-by-10-by-l-mm angle brass, which projcet
to 560~-mn load application. For applying the axial con-
pression, the fixed Jjoint near the spars carries two ball-
bearing pulleys over which the tension of the loading
weights 1s carried paraliel with the connecting line of
the Jjoints to the novable joint., Wooden bars with metal
sting fitted at the end levers of spar 2 record the tan-
gential inclination of the elastic lince in the Jjoints, on
a little board with a shect of paper. The length of the
tracing levers fron Jjoint to metal sting is 1020 mm. The
end momnent. cxisting.on spar 1 as a rcsult of the weight of

*Sece fige 1l
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the end levers and of the overhanging spar portion is
0.082 -mkg, and-0.100 mkg on.spar 2 because of the trac-
ing levers. The effective weight on the Jjoints (weight
of spars plus weight of ribs) is equalized for each spar
at 1.21 kge The buckling angles in_ Jjoinits are preserved
by 1l-m wooden levers running parallel upward from the spar
ends with a loose pin or stud at the end parallel to the
connecting line of the Jjoints. Theé guide is adjustable
perpendicularly to the lire connecting the Jjoints. Fig-
ure 4 shows the first set-up, wherc the spar plus the

rib weight was upwardly compensated by pulleys. But this
compensation had to be abandoned in favor of a more come
plicated evaluation formula because the oscillations of
the grill could not be removed quickly cnough-.after load
changes. Heoither figure 4 nor figure 3 represents the
final method.*

Evaluation Formula
The energy equation for elastically identical spars

with a load through My, M; and ©8S; and Sz and ribs
of constant section (reference 2) reads:

. 1 . )
' S S Ar
J = [ jleBl + My Bo)y™" *'<~j;:;——3 - 3 —EZ)Y'Q
/R - 2 h
hlo]
Br 2 2 1
+ — (B1® + BBz + B2®) + = C(B1'? + Bz'2) + A y®2 rdx
h 2 (1)
or in nondimensional coordinates and Qoefficients
1
mf \ 2 2
F = / Yﬂlsl + meBs) " - (8 - 3 élﬂ'? + b(Ba1° +BaBz + Bz)
I3 O -
+-%(Bl’24-52'2)4-n"2}d£ . (2)

My and My are the principal moments bending at point x.

*The tests were made in the German Technical Institute at
Brinn, but had to be interrupted during the general mobil-
ization in September 1938, The means for the tests had
been furnished by the National Research Council of Czecho—
slovakia.
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Accordingly, by virtue of the annexed loading schedule,
M and M nust be replaced by, respectively,
1 2 X v

My - E’—:L-(X'l. - x®) and Mg - Eﬁ(xl - x?)
21 21
For the decrivation of the proportions with Ar and
Br +the buckling of a rib at right anglce %o the plane of
the grill due to the rcaction parts transmitted at the
joints, is expressed coanformally to figure 7, with

Bl = —L(ml Ly - mgcte),' Bg = Q—-L(mga.l - D3 @3) (5)
Br Br

(The rid rigidity is %%, the rigidity for spar length 1.)

Then thoe encrgy content of the rib is

Br
App = (03 (B3® + B2®) + 2 agBiBs) (4)
Rr > n 1(@12 ~ &zg) La\Py 2 XzP1P2

For buckling in the plonc of the grill, it affords in the
same way
Ar

Aprp = yta (5)

if y' (refecrence 2) replaces B, and Bs, and as and

®g Teploace oy and as.

The sum then is

1
r 3 >
J =w/ﬁt{<#l —-g%(xl - 33)> By + <M3 - E% (x1 - xz)) Bg} y

- ‘)y’z
z hi(az - aa) 7/ 2 h 1(awy® - az?)

<

<Sl + 55 Ar A 4 Br(®1<512+'522)+'3G25152

1l -~ 2
+ = L 5 : +
5 1

S I

CaBa'? + % (&g + Ag)y"z] d x (6)

21%
Cl'FCz
nondimecansional coordinates and abbreviations, gives:

Extecnsion with followed by introduction of the
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o, L{(ml - £alt g2>)e1 + (2s - ga(t = £7) 82} 0"
o : - S e s
(s

o~

et 1y <§1<sl 8 b B L Basa)

“ .

+ l'ulﬁfg + L Méﬁa’a'+ ﬁ"a ]d g - (7)
2 2 |

The limiting conditions adapted to the described tcst ar-
rangement read (casc 1, refercnce 2):

n(0) = n(1) = n7(0) = nu(1)

i (8)
B, (0) = B, (1) = Ba(0) = Bo(1) = O
Thesc arc g\pcrlm ecntally much easier to keep than others

and give at the same time lower buckling loads in ratio
to built-in spars.

The rclated differential cquations following from the

disappecrance of *the first variation of cquation (7) arct
1 a® . - : ‘
TR TR ORI NS RSN SN

+ il 4 (g - fg2)nn =0 (9)
(my = g5y (& = é ))n" - p,By" + b(EL,B+ LaB2) = O (10}
(me = g=2((¢ - ¢ "It - poBet + b(fzB + £4B2) = O

After two integrations of ecquation (9) the intcgras-
tion constants disappecar as a result of the chosen limit-
ing conditions, lcaving the simpler relation

Lmy = g0t = £2))8y + 2(ms - 208 =£2)) B2

2
+ T\" + (_S_‘_ - gsé)n = 0 (9&)

For vanishing spar weight equations (9) and (10) arc satise
ficd by

By = Kysin nmwf By = Kesinnw &, m = kgsin a w§ (11)
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The final determinant remainiang after the insertion of
the solutions (1l1) gives the buckling condition

2

%,_(___ ) (I_LQ(Q”) + gl’h) + %“ (:-'Tj)zg (ul(n'ﬂ')E‘*I- gl _b.)
1, oz /s - L2
et (S o)

{ulue(nﬂ)e o2 Lib o+ (8,7 = t2°) Lel(nﬂ)e} = 0 (12)

The exact solution of the complete differential
equations was foregone for reasons of the paper work in-
volved, and the evaluation formula thercfore derived by
presentation of suitably chosen approximating theorems in
the energy equation, Chosen as such were?

I. Ba =-@l-;(g - t®), Bs =—$—:(g - %), n" =T{l~; (¢ - £°) (18)
II. B, =§T<g-e BrE%), Bo=i(f-2¢%+¢%), n"=g:<g~eg3+g4> (14)

In order to clarify the mutual relations of the cooffi-
cients in the buckling cquation the numerical values of
the part intcgrals in the energy equation are generalizeds

1 b
= —— pedg = —=— [ Bipoat
»O '1.0
= _._3:__ ' T]"‘?‘dg udg "dﬁ c
K,zz i ‘ . ’ 1
Jy Yo “o ' (15)
1 1 5
5 / BH? d.f; — / Bglg é g = Cp (15)
K1 ﬂ/ Ka®
"o "o
1 o1 :
E? fnlz a E‘ = c:3 (17)
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1
1 1 : ‘
' gy (E=-t7)at =—— [ n'p(E-t2)at =c, (18)
Kby | Kz Kz
“Jo J,
With these data the energy cquation (7) supplies as bucke
ling condition

2
C1 2 Cq 2 Ca

b )| 22 my? - 2t me +og
12 Ca 1 c2_4§1 81 The,

> (19)

e ( Ca 2 2¢
+ ols- ng_)-1> {wamagy + 2,0+ (6, -£2")2 “c‘i‘}: 0
J

The numcrical values of ¢4, and their com-
binations arc gilven for approximations I and II in the
sccond 2and third lines of table I.

Ce . . .

A comparison of equation (19) with the exact solu-

. » Ca Cy 2
tion (12) discloses, then, oo and — for w°. Moreover,
1

the limiting conditions considered here give for
Timoshonkol's (refercace 3) eoxact buckling factor

G 1.2/,/1{6 = 28,3 (20)
0102 . 1 2 . .
for the actual value 28.3% = 200,22, The third
042 Z 3

approximation and final evaluation

. X ¢ c cic
that in which =2, ZX, ang Z=3Z2
Ca B . Cy4
exact valuecs and 63 by the value
4
: c CiC
following from -2 = w2 and ~—>22
Ca c 4®

probadbly differs
true value

very little

formula employecd is
are replaced by the

44,4535, the latter

= 200,223 and which

and nonescentially from the
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1 2 mp? - 82 82 g2° ]
¥ g (wam® + (D) [ne 22.23  200.22 |

ggb n.np 1,8, + NpZs + £4 B2
=~ | n® 44,45 200,22

(" d £ l> { TR + 26+ (67 - (®) f—:—} =0 (21)

Ay, C1, Az, C5 wore defined from buckling tests with one
single spar cach without ribs attached. The relatcd evalu-
ation formula follows from the above after insertion of

My = My = M, 8§y = S5 = S, a =0, b =0, and the expres-
sions for s, m,, and me in the form

2 2 9% 2
M 1% g 1Pul 6V G651, o,

22
e, 44,45 . 800,89 TR (22)

Test Procedure

The first tests were made without the weights suse
pended from the end lever, one horizontal pull cord being
used to transmit the principal part of the load, and then
the other. After various attempts the locations of the
cylinders slipped in the spar eands were finally established
for which thc deflections by equal load near the stability
1imit werc lowest. The inclination of the elastic linc
at the spar ends served, as alrcady indicated, as deflcec-
tion component, the board with the sheet of paper being
presscd against the tracing lever after the set-up ceases
to swing and the load is written alongside the tracing
marke. The odJjusting levers for cnd- -buckling angle remained
looscly in the guides. For further tests with this sect-
ting the grill was fitted with 7 kg cnd-lever loads on
spar 1, on spars 1 and 2, and then on spar 2. The appliecd
load at the end levers could be shifted transversely to
the bcam axlis, and so far that after application of the end-
lever load the resetting lever over the joints was: loose
agaln in the guides, Thus the end load was applied in
consistently smaller stages till the lateral deflection in
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spar center reached about 100 mm. Greater deflections
produced appreciable permanent deformations. . Up to 100
mm lateral -deflection in spar center the permancent de-
flection, after applied end lomd, was at the most l.5 mm
at the pointer tip. For the same reasons the recording
of a supercritical branch of the stress-~strain diagram,
as by Prandtl (referenée 4) was omitted. - The height of
the critical end load had to be determined, thcerefore,
as hyperbolic asymptote height by known asymptote direc=
tions and three given hyperbola points.(rcference 5).
The force deflection diagrams taken at both ends of spar
2 differ very little, which is indicative of the symmet=-
rical course of the deflections. Tests with 10-kg end-
lever load left perceptivle permanent deformations, es-
pecially in the spar-ribd connections and the symmetrical
course of the deflections disappeared. The evaluation
formula would then give too high comparative values. Ex-
periments and comparisons in this direction with an in-
proved set-up are under waye.

Table II contains the end moments M,, M; applicd
at the grill, and the related end compressive forces de-
termined from the deflection plots. Figure 8 is the dia-
gram showing the comparatively greater departure from the
presumed symmetry of deflection whose equilibrium curves
have the relatively greater distance from the asymptotes.
S1 + S5 = 11.26 kg is the sum of the "calc loading" of
10.8 kg determined by the asymptote construction and the
"scalc welght" of 0.457 kg identical for all the tests.

Spar Rigidity 4., Ci1, Az, Cj

Following the buckling tests with the model grill:
the ribs were removed and each spar tested at three dif-
ferent end moments. The effective weight of each spar was
0.980 Zge The three load systems are appended in table
ITI. ZEquation (22) gives for A,;, Ci, Ay, Cp three equa-
tions each which, interconnected, give each threec pairs
of rigidity A anda C. Their averages

Ay = 4,961 m”kg " 01 = 0.605 1iRkg
As = 4,978 mBkge . Cs = 0.633 n2kg

served as a basis in the subsequent calculations.
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Determination of Rigidity Factors {,b, {zb, and {a

Two each of the eight ribs spaced 15 cm apart were
attached to a 20-cm long piece of spar in the same way as
on the grill and supported and loaded. The torsion angles
over the Joints were determined by means of mirror read-
ing and compiled in table IV. It shows the extent to
which the symmetry assumption is satisfied for the course
of rib rigidity along the rib axis. Equation (3) and tho
equations defining b, {,, and {p give

2 my1°8, 2 m, 178,
i, = - and bts = . (23)
(C1+ Cz)(B1®=-85") (Ci+ C2)(B1% - B2?)

and in our case for the mean values of B3, Bz, and B85,
813

gl_b_ = 50.6, gg_l)_ = 26.5

i1

% ls.] +_§. ]'52! 0.0423, —é- ’53|+%]§1{ = 0.0218

Test 4 without end-lever load affords f,a, which
gives S, + Sp = 16.52 kg. The evaluation formula (21}

then gives

gs_@l_ = 5.14

According to the definition of {za, {3b and {51 should
be - equal rigidity of ribs and their attachments in and
at right angles to the plane of the grid being assumed ‘-

The much lower actual value of 5.14 is due to the fact

that the r1ib fittings are much more elastic with respcct

to buckling in the plane of .the grill than at right angles
to the planc of the grill. It might be notecd in passing
that the cight ribs had been sclectcd from about 80 others.
The seguence of arrangement on the spar is that of table
IV, hence the pair closest to the average valuc is situat-
cd at spar ceanter where the greatest twist occurred.
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Comparison of Theoretical and Experimental Values

Table II gives the end moments, the critical compres—
sive forces found from the force-deflection diagrams, .the
mathematical compressive forces, and the difference be-
tween the compressive forces in percent. .In view of the
uncertainty affecting the detcrmination of the critical
compression forces from force-deflection diagrams .and par-
ticularly because of thée dissimilarity of the ribs, the
accord between theory and test may be termed satisfactorye.
Since the evaluation formula for the snnll rail is exactly
valid, the critical expecrimental compressive forces should,
on the whole, cxcced the theoretical, which is the casc
in test 1 only. For the preseant 8:100 aspect ratio a pure
moment loading through M, and M, with and without al-
lowance for finite aspect ratio would give a difference
of about 1 percent, which, however, is covered by the un-
certaianty of the coordination. In test 3 the difference
between the theoretical and the experimental critical com-
pressive force with ~6.2 percent is grecatest compared with
the two previous tests. This can be associated with the
previously strcssed maximum departure from the symmetry
hypothesis for the deformation and this in turn with the
dissinmilarity of the ribs.

Translation by J. Vanier,
National Advisory Committec
for Acronautics.
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TABLE I
Approx- N Cz co c1 Cp ca
. Ci Ca 03 04 ——— —— - ——
imation Ch Cy 042 ca
S T B TG TR PP | 46.6 217.7 9.88235. .
20 | 3 |35x144 ;140
31|17 691 37
I1 . 9.870968,.{45.486..]|209.607..] 9.86975..
18 X35(35 {29x1400 {3465
111 - - - - 7o 44,4535 | 200,223 TR
TABLE II
Critical OQutside Loads of Grill
\ o~ *
Test | M) Mz 1G1+S2)test) (51+52) gpaory F
(mkg) |(mkg) kg) (kg) (percent)
1 |0.082 | 4.02 12.29 11.95 2.8
2 14.002 | 4.02 11.56 11.82 ~2.2
3 |4.002 .10 11,26 12.01 -6.2
4 .082 .10 16.52 16.52 -

*Differcuce between experimental and theoretical value in
percent of computed value. '
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Spar 1 Spar 2
M M S
(nkg) (kg) (mkg) (kg)
0.10 5.35 0.10 5.38
1.21 4,14 1.21 4,22
1.78 1,95 1.78 2.115
TABLE 1V
Rib Torsion Angle for mlé and mgé = 0.0813 mkg
Rib 8, Ba B, Ba
1 .
5 0.0435 -0.0225 0.0228 -0.0438
3
4 . 0431 - w0222 0218 - 0427
5
6 .0419 - 0214 L0215 - 04186
7
8 « 0409 - .0212 .0210 - 0409
AvVCTage .042335 | - ,021825 L021775 | - ,04225
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Figuré‘4.;uFir;% experimental
set up.

Figure 2.~ Spar support, rib fitting and
sdjustment of end buckling angle.

g+ -g157k Scale weight.
e

IR A /7 2

/%)

Test No.3
My = 4002 mhy
Hy= g0
Sy = 1257 ly

|

oyww.mmiw
sy(l). ~ -

4 w o mn k74

Figure 8.~ Load-deflection
diegram for test
No. 3.
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Figure 7.~ Strain of ribs due to bending at right angle
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Figure 9.~ Test rigging for determining B, .,
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